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ABSTRACT

Breast cancer invasion into adipose tissue strongly influences disease progression and metastasis. The degree of cancer cell invasion into
adipose tissue depends on both biochemical signaling and the mechanical properties of cancer cells, adipocytes, and other key components of
adipose tissue. We model breast cancer invasion into adipose tissue using discrete element method simulations of active, cohesive spherical
particles (cancer cells) invading into confluent packings of deformable polyhedra (adipocytes). We quantify the degree of invasion by
calculating the interfacial area At between cancer cells and adipocytes. We determine the long-time value of At vs the activity and strength of
the cohesion between cancer cells, as well as the mechanical properties of the adipocytes and extracellular matrix in which adipocytes are
embedded. We show that the degree of invasion collapses onto a master curve as a function of the dimensionless energy scale Ec, which grows
linearly with the cancer cell velocity persistence time and fluctuations, is inversely proportional to the system pressure, and is offset by the
cancer cell cohesive energy. When Ec > 1, cancer cells will invade the adipose tissue, whereas for Ec < 1, cancer cells and adipocytes remain
de-mixed. We also show that At decreases when the adipocytes are constrained by the ECM by an amount that depends on the spatial hetero-
geneity of the adipose tissue.

VC 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0209019

INTRODUCTION

Breast cancer cell invasion into mammary adipose tissue is a key
step toward disease progression and metastasis.1,2 Gaining insight into
the biochemical and biophysical processes by which cancer cells invade
adipose tissue is crucial for advancing our knowledge of breast cancer
and improving treatments. During invasion, cancer cells are exposed
to environmental cues as they migrate through the narrow, collagen-
rich interstitial space between individual adipocytes that comprise adi-
pose tissue.3,4 Indeed, the dynamics of breast cancer cell invasion are
known to depend on important biochemical factors in the tumor
microenvironment (TME).5–7 For example, cancer cells secrete chemi-
cal signals that promote the growth of blood vessels, which in turn

provide oxygen and other nutrients to the tumor.6 Oscillations in the
oxygen concentration in the TME caused by collective diffusion affect
tumor growth and invasion.5 Moreover, genetic and chemical cues can
trigger the epithelial–mesenchymal transition (EMT), which decreases
the cohesion between cancer cells and increases their motility.7 In the
context of adipose tissue, interactions between cancer cells and adipo-
cytes cause lipid loss and de-differentiation in adipocytes, which pro-
mote invasion by altering cancer cell metabolism and reconfiguring
the stroma.4,8

However, the physical properties of the cancer cells and
adipose tissue also play important roles in mediating breast cancer
invasion.4,9–14 In adipose tissue, ECM fiber alignment is influenced by
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adipocyte properties and regulates tumor cell invasion by controlling
migration persistence.14,15 More persistently moving cancer cells, in
turn, can invade adipose tissue more rapidly. Cancer cell cohesion also
influences tumor growth and invasion.9,10 Highly cohesive cancer cells
do not disconnect from each other and thus do not as easily leave the
primary tumor. With decreasing cohesion, cancer cells can more read-
ily detach from the tumor and invade distant tissues.9,12 During inva-
sion, cancer cells navigate between adipocytes, which form dense
polyhedral packings. Thus, the packing fraction and shape deforma-
tion of adipocytes, as well as the ECM network between adipocytes,
also physically influence breast cancer invasion.14,16

In this work, we investigate the key physical variables that influ-
ence cancer cell invasion into adipose tissue. We leverage the recently
developed deformable particle model (DPM)17–23 and carry out DPM
simulations of cancer cells invading adipose tissue, which we model as
dense packings of deformable polyhedra that are tethered to each other
to mimic adhesion to the ECM. Cancer cells are modeled as soft, self-
propelled, cohesive spherical particles since the magnitude of cancer
cell shape fluctuations is much smaller than that of adipocytes. In addi-
tion, the cancer cells in our model are allowed to slightly overlap with
the adipocytes as they invade into the interstitial regions between adi-
pocytes, mimicking the elongation of cancer cells moving in confined
regions. The systems are de-mixed when initialized, with a smooth
interface between the cancer cells and adipose tissue. During the simu-
lations, we quantify the invasion process by calculating the interfacial
area shared by the cancer cells and adipocytes as a function of time. In
our computational studies, we do not consider pressure gradients
caused by cell proliferation but instead focus on invasion due to cancer
cell migration. These novel simulations allow us to study the degree of
tumor invasion as a function of the cohesion and motility of the cancer
cells, as well as the structural and mechanical properties of the adipo-
cytes and ECM.

As shown in previous studies, we find that a strong cohesion
between cancer cells hinders tumor invasion, while increased cell
motility promotes invasion. We identify a characteristic dimensionless
energy scale Ec that controls the degree of invasion. Ec increases with
the speed and persistence of cancer cell migration and decreases with
the pressure in the system. To model the adhesion of adipocytes to the
ECM, we add springs connecting neighboring adipocytes to constrain
their motion. We show that tethering the adipocytes decreases inva-
sion compared to untethered adipocytes by an amount that is con-
trolled by the packing fraction of the adipose tissue. Finally, we show
that spatial heterogeneity in the mechanical properties of adipose tissue
impedes invasion relative to adipose tissue with uniform mechanical
properties.

We describe these findings in more detail in the remaining three
sections of the article. In the Results section, we define the interfacial
area At shared by the cancer cells and adipocytes and show how it
depends on the dimensionless energy scale Ec. We then show that At

decreases with tethering and heterogeneity in the mechanical proper-
ties of the adipocytes. In the Conclusions and Discussion section, we
emphasize that the physical properties of adipose tissue, not only can-
cer cells, influence breast cancer invasion. We also propose future
experimental studies of breast cancer cell invasion into soft spherical
particles embedded in collagen fibers that will allow us to determine
values of Ec for systems that mimic the physical properties of adipose
tissue. In the Methods section, we outline the DPM shape-energy

function for adipocytes and the soft particle model for the cancer cells,
the interactions between adipocytes, between cancer cells, and between
adipocytes and cancer cells, as well as the integration of the equations
of motion for the cancer cells and adipocytes. We also include three
Appendices. In Appendix A, we show that our chosen reference shape
parameterA0 for adipocytes is similar to those found in recent experi-
mental studies of adipose tissue. In Appendix B, we further describe
the interactions between cancer cells and adipocytes in simulations.
Finally, in Appendix C, we describe how the interfacial area At between
cancer cells and adipocytes is normalized to remove the effects of dila-
tion at large Ec.

RESULTS

In this section, we describe the results from discrete element
method simulations of breast cancer invasion into adipose tissue. First,
we describe how we quantify the degree of invasion using the interfa-
cial area At between cancer cells and adipocytes. We then calculate At

as a function of time as the cancer cells and adipocytes evolve from a
de-mixed to mixed state over a wide range of pressures and tempera-
tures. If the system is above the glass transition temperature, the purely
repulsive, passive cancer cells evolve toward a mixed (invaded) state.
For attractive cancer cells, the long-time degree of invasion depends
on the strength of the cancer cell cohesion. We identify a dimension-
less energy scale, where Ec > 1 indicates the onset of cancer cell inva-
sion. We find that Ec is inversely proportional to the persistence of
cancer cell motion and increases with the strength of attraction. Next,
we study the effects of the ECM on cancer invasion by adding linear
springs between neighboring adipocytes to constrain their motion. We
find that constraining adipocytes does not alter the onset of invasion
but decreases the value of At relative to untethered adipocytes. Finally,
we show that heterogeneity in the local structural and mechanical
properties of tethered adipocytes restricts cancer cell invasion.

Quantifying the degree of cancer cell invasion

As discussed in the Methods section, cancer cells and adipocytes
are initialized in a de-mixed state. We then integrate their equations of
motion [i.e., Eqs. (11) or (15) for cancer cells and Eq. (16) for adipo-
cytes] to determine their spatiotemporal trajectories over a wide range
of temperatures and pressures. To illustrate how we quantify the
degree of cancer cell invasion, we first focus on the passive model with
purely repulsive interactions for cancer cells [Eq. (15)]. We quantify
the invasion process by calculating the interfacial area At between the
cancer cells and adipocytes (as well as between cancer cells and the
walls) as a function of time. As discussed in Appendix C, At is deter-
mined by performing a Voronoi tessellation and identifying the faces
of the Voronoi polyhedra that are shared by cancer cells and adipo-
cytes (and cancer cells and the walls). In Fig. 1(a), we show that the
time dependence of At strongly varies with kbT=ðPr3Þ. The minimum
possible value of At is Amin

t ¼ 470r2, which corresponds to the initial,
de-mixed value [Fig. 1(b)], and the maximum possible value of At is
Amax
t ¼ 2000r2, which corresponds to the surface area of the Na adi-

pocytes [Fig. 1(d)]. Thus, At must exist between these two values dur-
ing the cancer cell invasion process. To enable comparisons of the
invasion process for different system parameters, we normalize At by
its minimum and maximum values while accounting for the dilation
of the system at high temperatures, as discussed in Appendix C. In
Fig. 2(a), we show the normalized interfacial area An as a function of
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kbT=ðPr3Þ, where 0 < An < 1, for purely repulsive, passive cancer
cells for different times following initialization of the de-mixed state.
For each time t, An is sigmoidal when plotted vs kbT=ðPr3Þ, but shifts
to smaller kbT=ðPr3Þ as t increases. These results indicate that purely
repulsive, passive cancer cells will mix with adipocytes, reaching
An¼ 1 for all kbT=ðPr3Þ that are above the glass transition tempera-
ture, where structural relaxation times diverge.

Effects of cancer cell cohesion and persistence
on invasion

In the previous section, “Quantifying the degree of cancer cell inva-
sion,” we found that the degree of invasion An is time dependent, evolv-
ing toward the mixed (invaded) state for purely repulsive, passive cancer
cells. Next, we examined how An is affected by cancer cell cohesion and
persistence. In Fig. 2(b), we show that An vs kbT=ðPr3Þ for systems with
attractive, active cancer cells does not possess strong time dependence.
Moreover, the value of An does not depend on the starting condition,
reaching a steady-state value for times t=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mr2=ec

p
< 5� 105 as shown

in the inset to Fig. 2(b). In Fig. 3(a), we plot the steady-state An vs
kbT=ðPr3Þ for three values of the attractive strength b and five values of
the persistence time sP. An is sigmoidal vs kbT=ðPr3Þ for all b and sP
combinations studied. Thus, we can describe An using

An ¼ 1
2

tanh log 10
kbT
aPr3

� �b
" #

þ 1

 !
; (1)

where aðb; spÞ controls the value of kbT=ðPr3Þ at which the rapid
increase in An occurs and 0:5 < b < 2:5 controls the rate of this
increase. We demonstrate high-quality fits of An to Eq. (1) in Fig. 3(a).
Thus, when we plot An as a function of Eb

c , where Ec � kbT=ðaPr3Þ,
the data collapse as shown in Fig. 3(b). We also varied the damping
coefficient c to verify that Eq. (1) collapses the data for systems with
both underdamped and overdamped dynamics. We next determine

the functional form for aðb; spÞ. First, a for passive cancer cells
(sp ¼ 0) at a given T and P is similar to that for active cancer cells at
small sp. [See black/purple circles and black/purple diamonds in
Fig. 3(a)]. Next, a decreases with increasing sp for large sp, emphasiz-
ing that cancer cell persistence enhances invasion. Thus, a reasonable
ansatz for a at fixed b is a � 1=sd , where sd is the decorrelation time
of the velocity autocorrelation function for the cancer cells,

Cvv tð Þ ¼ vqðt0Þ � vq t0 þ tð Þ
v2qðt0Þ

* +
q;t0

; (2)

FIG. 1. (a) The extent of tumor invasion is quantified by plotting the shared interfa-
cial surface area At (in units of r2) between the cancer cells and adipocytes as a
function of time (in units of

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mr2=ec

p
). We show At for five values of kbT=ðPr3Þ,

representing tumor cells with varying motility increasing from blue to red. Simulation
snapshots for different At values and times from (a) are shown in (b)–(d):
(b) At=r2 ¼ 610 (c) 1280, and (d) 1720. The time of each snapshot is indicated by
the corresponding shapes shown in (a): (b) triangle, (c) square, and (d) circle.

FIG. 2. Normalized interfacial area An between the cancer cells and adipocytes
(defined in Appendix B) plotted as a function of kbT=ðPr3Þ at different times t, over
a wide range of temperatures T, and where pressure P ¼ 1:3� 10�3 ec

r3 for (a)
purely repulsive, passive cancer cells with attraction strength b¼ 0 and persistence
time sp ¼ 0 and (b) attractive, active cancer cells with b ¼ 10�2 and

sp=
ffiffiffiffiffiffi
mr2
ec

q
¼ 25. In (a), the vertical line indicates the glass transition temperature

kbTg=ðPr3Þ � 0:03 below which the structural relaxation sr ! 1. In (b), the inset
shows that the equilibrium value of An � 0:55 (black dashed line) for
kbT=ðPr3Þ � 0:3 is independent of the initial state since the same value of An is
obtained when the system is initialized in a de-mixed state (blue line) and a mixed
state (red line). In both (a) and (b), time increases from green to blue.
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and

Cvv sdð Þ ¼ e�1: (3)

[See Fig. 4(a)]. To understand the dependence of sd on cancer cell pack-
ing fraction and sp, we show sd for simplified systems composed of only
repulsive, active cancer cells in periodic boundary conditions in Fig. 4(b).
sd � sc in the sp ! 0 limit for all /c, where sc ¼ m

c . For intermediate
values of sp, sd � sp, which agrees with the analytical result at/c ¼ 0,24

Cvv tð Þ ¼ sce
� t

sc � spe
� t

sp

sc � sp
: (4)

At large sp, sd deviates from the analytical result as /c increases. In the
inset to Fig. 3(b), we verify that a � sc=sd .

At fixed sp, An shifts to larger kbT=ðPr3Þ with increasing attrac-
tion strength bec since cohesion makes it more difficult for cancer cells
to invade the adipocytes. In the b ! 0 limit, An converges to a time-
dependent value for purely repulsive cancer cells. Thus, we expect
a � c1ðtÞ þ cbec, where c1ðtÞ � kbTg=ðPr3Þ in the long time limit
and a is not time dependent when cb � c1ðtÞ. We show in Fig. 3(b)
that a ¼ c1ð1þ c2bec=ðPr3ÞÞsc=sd , where c1 � 0:06 enforces
An ¼ 1=2 at Ec¼ 1 and c2 � 0:02.

Tethering of neighboring adipocytes

The ECM surrounding the adipocytes provides structural support
for adipose tissue. In this section, we investigate the effects of the ECM
on breast cancer cell invasion. To model the structural support pro-
vided by the ECM, we add linear springs between the centers of mass,
Ri ¼ 1

Nv

PNv
l¼1 ril, of neighboring adipocytes i and j. Adipocytes are

considered neighbors when the distance between the centers of mass
of adipocyte pairs is smaller than a threshold value dc, such that the
number of neighbors per adipocyte is 6. The potential energy associ-
ated with the spring connecting adipocytes i and j is

UECM
ij ¼ Kecm

2

Rij � lij0
r

� �2

; (5)

where Kecm=r2 is the stiffness of the spring, Rij ¼ jRi � Rjj, and lij0 is
the equilibrium length, which is set equal to the adipocyte separations
in the initial configuration. All vertices on adipocyte i share the interac-
tion with adipocyte j equally, and thus the force on the vertex l on adi-
pocyte i from adipocyte j is given by

FECMilj ¼ � 1
Nv

rRiU
ECM
ij : (6)

In Figs. 5(a) and 5(b), we calculate the interfacial area An vs
kbT=ðPr3Þ for several values of Kecm and two values of sp and b. As
discussed above, An vs kbT=ðPr3Þ is normalized between 0 and 1 using
the interfacial area obtained for untethered (Kecm¼ 0) systems.
Tethering of adipocytes decreases the degree of invasion but not the
onset value of kbT=ðPr3Þ for invasion. We find that the plateau values
Amax
n < 1 at large kbT=ðPr3Þ for all Kecm > 0, but the values of

kbT=ðPr3Þ at which An > 0 does not vary strongly with Kecm. In the
insets to Fig. 5, we show that Amax

n decreases monotonically from 1 to
lower values that depend on sp and b. Thus, the tethering of adipocytes
by the ECM reduces the degree of cancer cell invasion into adipose
tissue.

Packing fraction heterogeneity

The mechanical properties of adipose tissue are affected by many
factors including obesity, inflammation, and lipolysis.4,14,25 Previous
experimental studies of cancer cell migration through collagen net-
works demonstrated that geometrical confinement strongly affects
cancer cell motion.16,26 Thus, we expect the packing fraction of adipo-
cytes to influence the degree of invasion. Adipocytes are initialized
using athermal, quasistatic compression to reach a total packing frac-
tion / ¼ 0:72 as described in the Methods section. We now vary the
adipocyte packing fraction over the range 0:4 < /a < 0:9 by changing

FIG. 3. (a) Normalized interfacial area An is plotted vs kbT
Pr3 for several values of

attraction strength b and persistence time sp of the cancer cells. The symbols indi-
cate the attraction strength: b ¼ 10�4 (triangles), 10�3 (squares), and 10�2 (dia-

monds). The colors indicate the persistence time: sp=
ffiffiffiffiffiffi
mr2
ec

q
¼ 0:02 (purple), 25

(blue), 250 (magenta), and 2500 (orange). We also show data for passive cancer
cells with sp ¼ 0 and b ¼ 10�2 as filled black diamonds. The solid lines are fits to
Eq. (1). We include data for both underdamped (c ¼ 0:2

ffiffiffiffiffiffiffi
mec

p
=r; filled symbols

and solid lines) and overdamped (c ¼ 20
ffiffiffiffiffiffiffi
mec

p
=r; open symbols and dashed

lines) dynamics. (b) An is plotted vs the dimensionless energy scale Eb
c for the

same data in (a). The inset shows the relationship between the parameter a in Eq.

(1) and c1 1þ c2
bec
Pr3

� �
sc
sd
. The solid black line indicates a ¼ c1 1þ c2

b2c

Pr3

� �
sc
sd
.
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the length of the simulation box and shifting the positions of the can-
cer cells and adipocytes affinely, followed by energy minimization. We
then add linear springs between neighboring adipocytes, setting

lij0 ¼ Rij and Kecm ¼ 0:04ec, and calculate An vs /a for sp=
ffiffiffiffiffiffi
mr2
ec

q
¼ 25

and b ¼ 10�2. In Fig. 6(a), we confirm that An decreases with increas-
ing adipocyte packing fraction and vanishes for /a � 0:85.

In addition to packing fraction, the local structural and mechani-
cal properties of adipose tissue are often heterogeneous.27 We model
structural and mechanical heterogeneity in adipose tissue by resetting
lij0 of the tethering springs for half of the adipocytes in the z-direction
to lij0 ¼ ð1� kÞRij and to lij0 ¼ ð1þ kÞRij for the other half of the

adipocytes. In this idealized system, half of the adipocytes are tightly
coupled with smaller equilibrium lengths, and half are loosely coupled
with larger equilibrium lengths. This heterogeneity in equilibrium
lengths gives rise to root mean square fluctuations in the local packing
fraction that increase with k. As shown in Fig. 6(b), the maximum val-
ues of D/ are� 0:1, 0.2, and 0.25 for k¼ 0, 0.3, and 1. In Fig. 6(a), we
show that invasion is less pronounced for heterogeneous systems com-
pared to more uniform systems at the same adipocyte packing fraction.
This result can be explained given that for sufficiently large k, tightly
coupled adipocytes exhibit smaller gaps between adipocytes that are
less than the diameter of the cancer cells, reducing the degree of inva-
sion in half of the system. Since the adipocytes are tethered, cancer cells
invading the loosely coupled adipocytes do not affect invasion in the
tightly coupled half of the system.

FIG. 4. (a) The velocity autocorrelation function CvvðtÞ at different persistence times
sp and cancer cell packing fraction /c � 0. The filled circles indicate the velocity
decorrelation times sd at which CvvðsdÞ ¼ e�1. The colors from red to blue indicate

short to long sp. Open stars represent Eq. (4). (b) The decorrelation time sd=
ffiffiffiffiffiffi
mr2
ec

q
plotted vs sp=

ffiffiffiffiffiffi
mr2
ec

q
. The filled symbols indicate sd from simulations of repulsive,

active cancer cells without adipocytes at /c ¼ 0 (circles), 0.3 (triangles), 0.4
(squares), and 0.5 (diamonds). The analytical solution for CvvðsdÞ ¼ e�1 when
/c ¼ 0 [Eq. (4)] is shown as a blue solid line.24 The horizontal dashed line indi-
cates sd ¼ sc.

FIG. 5. An is plotted vs the cancer cell motility
kbT
Pr3 for persistence times and attrac-

tive strengths: (a) sp ¼ 25
ffiffiffiffiffiffi
mr2
ec

q
and b ¼ 10�2, and (b) sp ¼ 2500

ffiffiffiffiffiffi
mr2
ec

q
and

b ¼ 10�3. Stiffness of the ECM increases from dark to light green. Systems with
Kecm¼ 0 are indicated by black filled circles. The dashed horizontal lines indicate
Amaxn for different values of Kecm. Insets: Amaxn is plotted as a function of Kecm=ec for
the data in the main panels. The black dashed horizontal lines indicate Amaxn in the
Kecm=ec ! 1 limit.
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CONCLUSIONS AND FUTURE DIRECTIONS

In this work, we aimed to understand how the physical properties
of cancer cells and adipose tissue influence breast cancer invasion. To
this end, we developed discrete element method simulations of tumor
invasion, modeling the cancer cells as cohesive, active, soft particles
and the adipocytes as deformable, polyhedral particles. We initialized
the system in a de-mixed state and quantified the degree of invasion as
the interfacial area At shared between the cancer cells and adipocytes.
At is bounded by the area of the interface in the initial de-mixed state
Amin
t and the total surface area of the adipocytes Amax

t , and we normal-
ized the interfacial area by these two values so that 0 < An < 1. We
then calculated An as a function of temperature, pressure, and the
cohesive strength and persistence of cancer cell motion. For both
underdamped and overdamped dynamics of the cancer cells, we
showed that An can be collapsed when plotted as a function of a

dimensionless energy scale Ec, where Ec 	 1 indicates a de-mixed
(non-invaded) state and Ec � 1 indicates a mixed (invaded) state. We
found that Ec increases with the mean square fluctuations and persis-
tence of cancer cell velocities and is inversely related to cancer cell
cohesion and pressure in the system. We also investigated the physical
effects of the extracellular matrix on cancer cell invasion. We demon-
strated that tethering of neighboring adipocytes and denser packing of
adipocytes inhibit invasion. In addition, we showed that heterogeneity
in the local packing fraction for tethered adipocytes decreases An rela-
tive to more uniform local packing.

The current computational studies represent an important first
step toward modeling breast cancer invasion into adipose tissue as a
physical process. However, there are numerous future research direc-
tions to pursue. First, we accounted for some of the effects of the ECM
by tethering neighboring adipocytes to each other. However, alignment
of ECM fibers also strongly influences the speed and persistence of
cancer cell velocities during invasion.16,28 In preliminary experimental
studies, we have embedded plastic spherical beads within collagen
matrices and quantified the local density and alignment of the collagen
fibers, as well as the positions of the spherical beads. These studies
have varied the bead packing fraction and collagen density and corre-
lated enhanced cancer cell motion to collagen fiber alignment.29 In the
current work, we assumed that the cancer cells share the same migra-
tion speed determined by kbT and persistence time sp, and that these
properties are static. In future computational studies, we can incorpo-
rate separate fields into the simulations to account for local variations
in collagen density and alignment caused by cancer cell motion, couple
these fields to cancer cell velocities, and quantitatively compare the
simulated trajectories of the cancer cells with experimental results
from in vitro systems where collagen fiber alignment can be controlled.
Second, in the current simulations, we modeled cancer cells as active,
soft spherical particles that do not change shape. However, we know
that cancer cells can significantly alter their shapes to squeeze through
narrow gaps and their motion has been correlated with shape elonga-
tion.16,30,31 Thus, in future studies, we aim to model cancer cells using
active, deformable particles. Studies have also suggested that breast
cancer invasion into adipose tissue can induce lipolysis in adipocytes.4

To model this effect, we can allow the equilibrium volume vi0 of adipo-
cyte i to decrease over time when in contact with cancer cells.

In our computational studies, we assumed that the cancer cell
invasion time scale sinv is shorter than the time scale of the cell cycle
scell, and thus we did not model cell growth, division, and apoptosis.
As a result, de-mixed (non-invaded) systems in our current studies
could become mixed (invaded) due to cancer cell proliferation on time
scales longer than scell. Moreover, recent studies demonstrated that
coupling cell growth rate and local pressure generates an interface
instability with a fingering invasion pattern even when cancer cells do
not migrate.32 This prior work emphasizes that systems with
scell 	 sinv are also relevant to cancer invasion. In future computa-
tional studies, we will model cancer cell growth, division, and apoptosis
and determine the mechanism of cancer cell invasion and shape of the
invasion front as a function of scell=sinv.

METHODS

In this section, we describe the methods for simulating breast
cancer cell invasion into adipose tissue. First, we introduce the shape-
energy function for the 3D deformable particle model (DPM), which is
used to model adipocytes. We then describe the self-propelled,

FIG. 6. (a) Standard deviation in the local packing fraction of adipocytes D/a plotted
vs /a. Open dark green circles indicate results for uniformly distributed adipocytes at
a total packing fraction /¼ 0.72. (b) The degree of invasion An plotted vs the packing

fraction of adipocytes /a at sP ¼ 25
ffiffiffiffiffiffi
mr2
ec

q
; b ¼ 10�2, and kbT=ðPr3Þ ¼ 0:37. k,

which determines the packing fraction heterogeneity of adipose tissue, increases from
dark to light green.
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attractive soft particle model for the cancer cells and the repulsive con-
tact interactions between cancer cells and adipocytes. We outline
the equations of motion for the cancer cells and adipocytes and
describe the methods we use to integrate them to determine the
cell trajectories. Finally, we specify the initial configuration as a de-
mixed system with a smooth, planar interface between cancer cells and
adipocytes, which also includes physical walls in one direction to con-
trol pressure and periodic boundary conditions in the other two
directions.

Deformable particle model for adipocytes

To model dense packings of adipocytes, which form faceted cell–
cell contacts under compression, we employ the recently developed 3D
deformable particle model. Specifically, we consider adipocytes as
deformable polyhedra composed of Nv¼ 42 vertices belonging to a
mesh with Nf¼ 80 triangular faces, which is sufficient to describe the
shape fluctuations observed in adipocytes. [See Fig. 7(f)]. The shape
energy for the ith adipocyte as a function of the positions of its vertices
ri1;…; riNv is

Ui ¼ ev
2

1� vi
vi0

� �2

þ ea
2

XNf

k¼1

1� aik
aik0

� �2

: (7)

The first term imposes a harmonic energy penalty for changes in
cell volume vi from its preferred value vi0 and ev controls the fluctua-
tions in adipocyte volume. We set ev to be much larger than the other
energy scales in the system so that the adipocytes cannot change their
volume. The second term imposes a harmonic energy penalty for devi-
ations in the area aik of each triangular face from its preferred value
aik0, and ea controls the fluctuations in adipocyte surface area. We
quantify the adipocyte shape using the dimensionless shape parameter

A ¼
PNf

k¼1
aik

� �3
2

6
ffiffi
p

p
vi

. The shape parameter for a sphere is 1 and A > 1

for all nonspherical shapes. We set the reference shape parameter
A0 ¼ 1:1 for adipocytes based on experimental observations shown
in Appendix A.

Modeling adipocytes using the deformable particle model has
several advantages. In general, 3D deformable particles without bend-
ing energy are floppy and can change shape without increasing energy.
In particular, deformable particles with Nv¼ 42 vertices and Nf¼ 80
faces have DN ¼ ð3Nv � 6Þ � ðNf þ 1Þ ¼ 39 zero-energy modes of
the dynamical matrix for the shape-energy function in Eq. (7), allow-
ing the adipocytes to change shape without energy cost, while main-
taining their volume and surface area.18 In addition, using the DPM
allows packings of adipocytes to be nearly confluent without overlaps
between adipocytes.

FIG. 7. (a) and (b) Histological slices of the interface between a mammary tumor and adipose tissue in mice stained with Masson’s trichrome. Cancer cell nuclei are stained
dark purple, adipocytes are the large unstained white regions, and collagen fibers are stained blue. (a) Non-invaded adipose tissue, characterized by a smooth interface
between the tumor and adipose tissue. (b) Invaded adipose tissue with a rough interface. (c) and (d) 2D slices in the xy-plane from 3D DPM simulations in (e), both (c) before
and (d) after invasion. Red circles represent cancer cells and adipocytes are shown as smooth, cyan-colored deformable polygons. Dashed lines indicate periodic boundaries
in the y-direction. (e) Initial configuration of de-mixed cancer cells (red spheres) and adipocytes (smooth, multi-colored deformable polyhedra) in simulations with Na¼ 128 and
Nc¼ 7000. (f) Adipocytes are modeled as deformable polyhedra with vertices of diameter ril and a triangular mesh with individual triangle area aik. Cancer cells are modeled
as soft spheres with diameter rq.
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Interactions between adipocytes, between cancer
cells, and between adipocytes and cancer cells

The interactions between adipocytes are controlled by the pair
forces between their vertices. In particular, the repulsive pair force
between vertex l on adipocyte i and vertex � on adipocyte j is purely
repulsive,

Fijl� ¼
ec

rijl�
1� rijl�

rijl�

� �
r̂ ijl�; rijl� 
 rijl�;

0; rijl� > rijl�;

8<
: (8)

where ec controls the strength of the repulsive forces, r̂ ijl�
¼ rijl�=rijl�; rijl� ¼ ril � rj� is the separation vector, rijl� ¼ jrijl� j is
the distance between vertices, and rijl� ¼ 1

2 ðril þ rj�Þ is their average
diameter. (See Fig. 8 in Appendix B). ril is approximately two times
the average cancer cell diameter, which allows us to cover the surface
of the adipocytes with vertices to prevent interpenetration by cancer
cells and other adipocyte vertices. Since vertex neighbor lists can be
employed to calculate forces between adipocytes, the computational
complexity of the DPM is only�NvNa.

The diameter of adipocytes in human breast adipose tissue ranges
from 50 to 150lm,33 while cancer cells are much smaller, ranging

between 10 and 20lm.34 Since the magnitude of cancer cell shape fluc-
tuations is much smaller than that for adipocytes, we do not consider
shape fluctuations of cancer cells and instead model them as soft
spheres. We assume that the force on vertex l on adipocyte i from
cancer cell q is purely repulsive,

Filq ¼
ec
rilq

1� rilq
rilq

� �
r̂ iuq; rilq 
 rilq;

0; rilq > rilq;

8<
: (9)

where r̂ ilq ¼ rilq=rilq; rilq ¼ ril � rq is the separation vector, rilq
¼ jrilqj is the distance between vertex l on adipocyte i and cancer cell
q, rilq ¼ 1

2 ðril þ rqÞ, and rq is the diameter of the qth cancer cell.
For the interactions between cancer cells, we include contact

repulsions as well as short-range attractions. We assume that the pair
force on cancer cell q from cancer cell s obeys

Fqs ¼

ec
rqs

1� rqs
rqs

� �
r̂ qs; rqs 
 rb;

ec
rqs

rb � rqs
ra � rb

rqs � ra
rqs

r̂ qs; rb < rqs 
 ra;

0; rqs > ra;

8>>>>>><
>>>>>>:

(10)

where r̂ qs ¼ rqs=rqs; rqs ¼ rq � rs is the separation vector, rqs ¼ jrqsj
is the distance between cancer cells q and s, and rqs ¼ 1

2 ðrq þ rsÞ is
the average diameter of the cancer cells. As shown in Fig. 9, the pair
force between cancer cells is repulsive for rqs < rqs, and attractive for

FIG. 8. (a) Distance rijlv between vertex l on adipocyte i and vertex � on adipo-
cyte j. The average diameter of the vertices is rijl� ¼ ðril þ rj�Þ=2. (b) Distance
rilq between vertex l on adipocyte i (with diameter ril) and cancer cell q (with
diameter rq). (c) Distance rqs between cancer cells q and s.

FIG. 9. The pairwise interaction force ~F between two cells determines cell–cell adhesion
(attractive) and volume exclusion (repulsive) and varies with the separation ~r between
the cells. For adipocyte–adipocyte interactions, ~F ¼ Fijl�; ~r ¼ rijl� , and ~r ¼ rijl� ,
where i; j ¼ 1;…;Na are the adipocyte indices and l; � ¼ 1;…;Nv are the vertex
indices. Na and Nv are the number of adipocytes in the simulation box and the number
of vertices on an adipocyte, respectively. For adipocyte–cancer cell interactions,
~F ¼ Filq; ~r ¼ rilq, and ~r ¼ rilq, where q ¼ 1;…;Nc . Nc is the number of cancer
cells in the simulation box. Both adipocytes and cancer cells interact via repulsive linear
spring forces when they overlap (black solid line) and do not interact when they are out
of contact (blue dashed and black dash-dotted lines). For the cancer cell–cancer cell
interactions, ~F ¼ Fqs; ~r ¼ rqs, and ~r ¼ rqs. These interactions include linear repul-
sion when two cancer cells overlap (black solid line), short-range attraction for
1 < ~r=~r < ra=~r (red dotted line), and no interactions for ~r=~r > ra=~r (black dash-
dotted line).
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1 < rqs=rqs < ra=rqs with maximum attractive force Fqs ¼ ecb=rqs at
rqs ¼ rb, where ra=rqs ¼ 1þ a and rb=rqs ¼ 1þ b. We vary the
depth of the attractive potential b from 10�4 to 10�2 and set the range
of attractive interactions at a ¼ 0:2. To prevent partial crystallization
of the cancer cells during invasion, we assume that the cancer cells are
bidisperse in size where half of the cells have a smaller diameter 0:9r
and the other half have a larger diameter 1:1r, where r is the average
diameter of the cancer cells. The ratio of the adipocyte diameter
(including the vertex radii) and the average cancer cell diameter r is
approximately 6, which matches recent experimental studies.33,34

Equations of motion for cancer cells and adipocytes

To determine the spatiotemporal trajectories of adipocytes and
cancer cells, we integrate Newton’s equations of motion. For the cancer
cells, we consider both active and passive models. For the active model,
the equation of motion for the position rq of cancer cell q is

m
d2rq
dt2

¼
XNc

s 6¼q¼1

Fqs �
XNa

i¼1

XNv

l¼1

Filq

�
Xr
w¼l

Fwq � cvq þ f0n̂q; (11)

where m is the mass of the cancer cells, Filq is the pair force between
cancer cells and the vertices of the adipocytes [Eq. (9)], and Fqs is the
pair force between cancer cells [Eq. (10)]. Fwq indicates the repulsive
forces between the physical walls and the qth cancer cell and is defined
in Eq. (18). The equation of motion for active cancer cells also includes
a damping force from the surrounding environment that is propor-
tional to the cancer cell velocity vq with damping coefficient
cr=

ffiffiffiffiffiffiffiffi
mec

p ¼ 0:2 and a self-propulsion term with active force magni-
tude f0. The direction of the active force n̂q obeys rotational diffu-
sion,35–37

dn̂q

dt
¼ vq � n̂q; (12)

where vq is a vector with x-, y-, and z-components that are Gaussian
random numbers with zero mean and satisfy

hvqðt0Þvsðt0 þ tÞit0 ¼ s�1
p IdqsdðtÞ; (13)

where h:it0 is an average over time origins, I is the identity matrix,
dqs ¼ 1 when q¼ s and 0 otherwise, and dð:Þ is the Dirac d-function.
sp is the persistence time of the active force as defined through the
autocorrelation function of n̂q,

hn̂qðt0Þ � n̂qðt0 þ tÞiq;t0 ¼ exp � t
sp

� �
; (14)

where h:iq;t0 is an average over cancer cells and time origins.
Persistence in cancer cell migration originates from the fact that the
migration direction and speed are strongly correlated with the local
alignment of ECM fibers.28 Experimental studies demonstrate that
tumor cells locally align ECM fibers during migration by generating
traction forces that cause plastic deformation of ECM fibers.38,39 More
aligned ECM increases the migration speed and persistence of subse-
quent tumor cells. In this model, we include a background temperature
kbT that captures the random motion of the cancer cells and

persistence time sp that captures the correlation between cancer cell
velocity and local ECM fiber alignment. Both kbT and sp describe the
migration properties of cancer cells, and implicitly model the degree of
alignment of the ECM.

We also consider a passive model for cancer cell migration to bet-
ter understand the role of persistent cancer cell motion on breast can-
cer invasion. For the passive model, we employ the Langevin equation
of motion for the qth cancer cell,

m
d2rq
dt2

¼
XNc

s 6¼q¼1

Fqs �
XNa

i¼1

XNv

l¼1

Filq

�
Xr
w¼l

Fwq � cvq þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2kbT0cm

p
gqðtÞ; (15)

where the first and second terms include interactions among cancer
cells and between cancer cells and adipocytes. As in Eq. (11), the equa-
tion of motion for passive cancer cells includes a damping force pro-
portional to the velocity vq of cancer cell q with damping coefficient c.
The last term is the noise term with strength

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2kbT0cm

p
that sets the

target temperature T0. gðtÞ is a vector with x-, y-, and z-components
that are Gaussian random numbers with zero mean and unit variance.

We employ damped equations of motion for the adipocytes, i.e.,
the position of vertex l on the ith adipocyte obeys

m
d2ril
dt2

¼
XNa

j 6¼i¼1

XNv

�¼1

Fijl� þ
XNc

q¼1

Filq

�
Xr
w¼l

Fwil � cvil �rrilUi; (16)

where m is the mass and c is the damping constant associated with each
adipocyte vertex. The first and second terms give the repulsive pair forces
between vertices l and � on different adipocytes i and j and between ver-
tex l on adipocyte i and cancer cell q. Fwil is the repulsive force between
the physical walls and vertex l on the ith adipocyte, which is defined in
Eq. (19). The fifth term gives the mechanical forces generated from the
shape-energy function for the ith adipocyte in Eq. (7).

We integrate the equations of motion for the adipocyte
vertices and cancer cells [i.e., Eqs. (11), (15), and (16)] using the
modified velocity Verlet integration scheme with time step

Dt ¼ 5� 10�2
ffiffiffiffiffiffi
mr2
ec

q
.

Initialization and boundary conditions for invasion
simulations

We initialize the cancer cells and adipocytes in a dilute, de-mixed
state. The simulation box is cubic with initial side length L0 ¼ 70r,
Na¼ 28 adipocytes, Nc¼ 1500 cancer cells, and initial total packing frac-
tion / ¼ 0:01. (Note the total packing fraction can be written in terms of
the packing fractions for cancer cells and adipocytes, separately,
/ ¼ /c þ /a.) The cancer cells and adipocytes are placed randomly in
the simulation box such that the x-components of the cancer cell centers
of mass satisfy 2r < xq < 12r and the x-components of the adipocyte
centers of mass satisfy 16r < Xi < 68r. We then perform athermal, iso-
tropic compression, applying successive compression steps D/=/
¼ 0:03 to generate a jammed packing of adipocytes. Compression is
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followed by energy minimization until the final packing fraction of the

system reaches / ¼ p
6

PNc
q¼1 r

3
q þ

PNa
i¼1 Vi

� �
=L3f ¼ 0:72, where

Lf ¼ 34r is the final side length of the box, and Vi is the total volume of
the ith adipocyte, i.e., vi plus the additional volumes from the vertices that
do not overlap the polyhedron. [See Fig. 7(e)].

During compression, we apply periodic boundary conditions in
the y- and z-directions. In the x-direction, we include two physical
walls, a “right” wall at xr¼ Lf and a “left” wall at xl¼ 0. The right wall is
stationary, while the left wall moves in the x-direction to maintain fixed
pressure P. The equation of the motion for the left wall position is

m
d2xl
dt2

¼
XNc

q¼1

Flq � x̂ þ
XNa

i¼1

XNv

l¼1

Flil � x̂ þ PL2f � cvl; (17)

where m is the mass and c is the damping coefficient for the left wall,
vl is the speed of the left wall. The forces that act on the wall from the
qth cancer cell and lth vertex on the ith adipocyte are

Fwq ¼
ec
rq

1� xwq
rq

� �
x̂; xwq 
 rq;

0; xwq > rq;

8<
: (18)

and

Fwil ¼
ec
ril

1� xwil
ril

� �
x̂; xwil 
 ril;

0; xwil > ril;

8<
: (19)

where xwq ¼ xw � xq and xwil ¼ xw � xil. (Note that the subscript
w¼ l,r indicates the left and right walls, respectively.) We quantify the
temperature of the system using the kinetic energy of the cancer cells,

kbT ¼ 2m
3Nc

XNc

q¼1

v2q: (20)

For the passive model of cancer cells, the temperature of the can-
cer cells Tc and adipocytes Ta equilibrate. For the active model of can-
cer cells, the temperature of the cancer cells is higher than that of the
adipocytes. In the systems considered here, 1 < Tc=Ta < 1:2.
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APPENDIX A: SHAPE PARAMETER OF ADIPOCYTES

Due to the highly scattering nature of lipids, in situ 3D visuali-
zation of adipose tissue remains challenging. Instead, the extent of
breast cancer invasion into adipose tissue is routinely assessed using
2D histology slices of tumors as shown in Figs. 7(a) and 7(b). We
analyzed � 1000 adipocytes from five different mice with mammary
tumors 11 days after implantation. For each slice, we identify the
adipocytes and calculate the shape parameter of the cross sections,
A2D ¼ p2=ð4psÞ, where p is the perimeter and s is the area of the
cross section. In Fig. 10, we compare the distribution PðA2DÞ from
the 2D histology slices to the shape parameter distributions from
random 2D slices through adipocytes from the DEM invasion simu-
lations at several reference shape parameters A0 in 3D. We find
that using A0 � 1:1 gives reasonable agreement for PðA2DÞ
between the experiments and simulations.

APPENDIX B: INTERACTIONS BETWEEN CANCER
CELLS AND ADIPOCYTES

In Eqs. (8)–(10) in the Methods section, we define the pair forces
between vertices on contacting adipocytes, between a vertex on an adi-
pocyte and a contacting cancer cell, and between contacting cancer cells.
Key parameters in these expressions include the separations rijl�; rilq,
and rqs and the diameters ril and rq, which are pictured in Fig. 8.

APPENDIX C: NORMALIZATIONOF INTERFACIAL AREAAn

In this Appendix, we describe how we calculate the interfacial
area At shared by cancer cells and adipocytes and how we define the
normalized interfacial area 0 < An < 1. For a given configuration of
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cancer cells, adipocytes, and locations of the confining walls in the
x-direction, we perform Voronoi tessellation of the positions of the
cancer cells and vertices of the adipocytes, as shown in Figs. 11(a)–
11(c). Next, we find all of the Voronoi polyhedral faces that are
shared by a Voronoi polyhedron associated with a cancer cell and
by a Voronoi polyhedron associated with a vertex of an adipocyte,
as well as all of the faces of cancer cell Voronoi polyhedra that form

the physical walls as shown in Figs. 11(d)–11(f). The interfacial area
(between cancer cells and adipocytes and between cancer cells and
the physical boundaries) At is defined as the sum of the areas of
these faces. The maximum value of At is Amax

t ¼ 2L2f þ RNa
i¼1Si,

where Si is the surface area of the Voronoi polyhedron for adipocyte
i. The relative interfacial area At=Amax

t serves as an indicator of the
degree of cancer cell invasion.

FIG. 11. (a)–(c) Voronoi tessellations of the centers of cancer cells (red shaded Voronoi polyhedra) and adipocytes (blue shaded Voronoi polyhedra) during cancer cell invasion
into adipose tissue at several values of shared interfacial area At=r2: (a) 610, (b) 1280, and (c) 1720. (d)–(f) The Voronoi polyhedral faces that are shared between the cancer
cells and adipocytes for panels (a)–(c). To improve visualization, we do not include the faces of cancer cell Voronoi polyhedra that form the physical boundaries in the
x-direction.

FIG. 10. (a) A representative histology slice of mammary adipose tissue from a C57BL/6 mouse. (b) Cell boundaries are identified through standard image processing techni-
ques. Cells are colored by A2D ¼ p2=ð4psÞ, where p is the perimeter and s is the area. (c) Probability distribution of A2D; PðA2DÞ, for random 2D cross sections of adipo-
cytes in 3D DEM invasion simulations with reference shape parameters A0 ¼ 1:0 (dashed line), 1.1 (dotted line), and 1.3 (dot-dashed line) and from histological slices (solid
line). The experimental data include �1000 adipocytes collected from histology samples from 5 mice.
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Note that the volume of the simulation box, as well as At and
Amax
t , can increase with kbT=ðPr3Þ, especially at large values when

kbT overcomes the cohesive energy bec. In this regime, the ratio
At=Amax

t can vary with kbT=ðPr3Þ. Since we are not interested in
changes in the relative interfacial area At=Amax

t caused by the dila-
tion of the simulation box, we define rAt ¼ ðAt � DAÞ=
ðAmax

t � DAÞ, where DA ¼ Amax
t �minðAmax

t Þ and minðAmax
t Þ is the

value of Amax
t at which dilation occurs. We then define the normal-

ized value An ¼ ðrAt �minðrAtÞÞ=ðmaxðrAtÞ �minðrAtÞÞ, where
minðrAtÞ and maxðrAtÞ are the minimum and maximum values of
rAt, such that 0 < An < 1.
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